Abstract A form-finding technique is proposed for three-dimensional spatial structures. Two-step discrete finite element (FE) mesh generator based on computer aided geometric design (CAGD) is introduced and used to control the shape of three-dimensional spatial structures. Mathematical programming technique is adopted to search new forms (or shapes) of spatial structures. For this purpose, the strain energy is introduced as the objective function to be minimized and the initial volume (or the initial weight) is considered as constraint function. Numerical examples are carried out to test the capability of the proposed form-finding techniques and provided as benchmark tests.
INTRODUCTION
The façade of tall buildings and the roof of the stadium structures (Culley and Pascoe, 2005) often appear to be free-forms in types of spatial structure.
1 With frequent appearances of free-form (Kim and Lee, 2008) , numerical analysis techniques are inevitably required in order to find its efficient form for the engineering problems where large spatial structures are especially considered. In particular, the form-finding technique based on design optimization Bletzinger and Ramm, 1993; Rao and Hinton, 1993; Lee and Hinton, 2000; Lee, 2000; Lee and Bae, 2006; Bae and Lee, 2011) is most desirable one to find the form of spatial structures which meets some engineering requirements.
Various research works on the design optimizations for spatial structures (Ohsaki, 2010) have been carried out by many researchers. Size optimizations with weight minimization have been mainly tackled in the early works on design optimization. The shape optimizations have been then gradually attempted to find efficient structural forms. In addition, it is found to be that the introduction of the CAGD (Computer-Aided Geometric Design) into the design 1 The term of spatial structure can be used for both continuum and discrete structures.
optimization of the spatial structures became important since it can provide a way how to control the forms of spatial structures in more general way. However, there have been a very few attempts on the use of CAGD in the form finding process for three-dimensional freeform spatial structures although some successful uses of CAGD in design optimization of continuum shells appeared (Bletzinger and Ramm, 1993; Rao and Hinton, 1993; Lee, 2000) .
Therefore, we here propose a form-finding technique of threedimensional spatial structures based on CAGD. In particular, we introduce new two-step FE mesh generator based on CAGD and integrated it into the form-finding process. Finally, we provide a series of benchmark tests to show the performance of the proposed form-finding technique.
GEOMETRIC DEFINITION
For successful form-finding process, it is necessary to prepare an accurate geometric model of structures. The Coons patch representation (Coons, 1964; Anand, 1994 ) illustrated in Fig. 1 is one of the most fundamental and effective parametric surface definitions. . Therefore, the matrix can be divided into four groups of sub-matrices as Eq. (3) indicates that a Coons patch representation requires the coordinate data and appropriate derivatives of the coordinates at the four corners of a patch as shown in Fig. 1 .
A surface is usually expressed by an assembly of Coons patches which is formed by cubic splines running in the and direction as shown in Fig. 2 . curves in u-and v-directions respectively. The patch number has been assigned under the assumption that i=j=2 and k=l=4.
Therefore, the corners of patches can be treated as the key points of the splines and the derivatives can be evaluated in a manner similar to that used in splines where appropriate key points satisfy continuity thus avoids the possibility of having any kinks. If we consider a -curve having a natural end condition at which passes through points the tangent values can be determined by the matrix calculation where,
The other tangent values and can also be determined by the same process. After calculating all the tangent and twist values using the above set of equations, all Coons patches are now available to be used for interpolating the coordinates of the FE nodal points located within the Coons patches.
AUTOMATIC MESH GENERATION
The FE mesh generator is implemented by using the surface definition described in the previous section. There are three major steps in the present type of FE mesh generation.
Forming the Coons patch surface
The free-form surface has to be represented by the coordinate data of the key points. The Coons patch can be formed as described in Table 1 . The grid of Coons patches is prepared in a structured mesh data format. For example, a two-dimensional array can be used to store the coordinates of the key points in a two-dimensional grid of Coons patches. Therefore, the grid data of the Coons patches will have the lengths and for the u-and v-directions respectively.
Base grid pattern in parametric plane
The present automatic mesh generator uses a base grid pattern to produce three-dimensional discrete spatial structures. Therefore, the preparation of the base grid pattern in the parametric (u,v) plane is required. Any form of base grid pattern can be used in the present FE mesh generation process. However, a double layer of grid patterns are used in numerical examples and explained here. In this study, we use a three dimensional unit grid which has 8 members including 4 diagonal members as illustrated in Fig. 3 . To control the shape of double-layered grid structure in effective way, we introduce a virtual mid-surface.
2 In this study, as shown in Fig. 3 , all imaginary nodal points will be prepared in the mid-surface. Then, the corner nodes of unit square will be mapped into the top surface and the nodes at the center of unit square will be mapped into the bottom surface by using normal vector of the mid-surface. Then, we connect the nodes on the top and bottom surfaces with diagonal elements and complete the double-layer unit grid with the adding 4 elements on the top surface as shown in Fig. 3 . The base grid pattern for double layer spatial structure illustrated in Fig. 4 can be also created by the same way used in the unit grid. The generation procedure of double layer grid pattern in parametric space is summarized in Table 2 . Note that all the information will be first prepared in parametric plane and then mapped into the target surface. Therefore, the grid information should be the subset of the geometric definition prepared by using Coons patch.
Mapping the grid pattern into the real surface
Since the base grid pattern is a subset of the parametric grid of the Coons surface, an identification process has to be carried out to find a right Coons patch to which the nodal points belong. As illustrated in Fig. 5 , each nodal point of the base grid pattern is then mapped onto the real surface defined by the Coons patch which is already identified. Therefore, the coordinates of the nodes on virtual mid-surface can be calculated. (Lee, 2010) Once, we get the nodal coordinates of virtual mid-surface, we have to map the node onto the top surface and other nodes will be mapped onto the bottom-surface as explained in Fig. 4 . Note that we do not have to use the mid-surface strictly and therefore the top and bottom surfaces can be also used to control the form of target spatial structures
DESIGN OPTIMIZATION PROCESS

Problem definition
The optimization problem (Lee and Hinton, 2000) can be generally defined as:
where is the vector of design variables, is the objective function, are the inequality constraints, are the equality constraints and and are lower and upper bounds of the design variable respectively. In addition, is the number of inequality constraints, is the number of equality constraints and is the number of design variable. In this study, strain energy is used as the objective function with a volume constraint. The program DoT (1999) is used as the optimizer. In DoT, three methods are available for constraint optimization: the modified feasible direction method (MFDM), sequential linear programming (SLP) and sequential quadratic programming (SQP) methods. In this study, all three methods are used.
Optimization Algorithm
The basic algorithm of the design optimization based on mathematical programming (Vanderplaats, 1984) is described in this section. Five main steps are involved:
1. Define the problem: The initial configuration and thickness of free-form structure can be defined by using a Coons patch representation. The movement direction of design variables must be specified at this stage. For the FE analysis, the material properties, loading and boundary conditions have to be prepared. Therefore, the movements of the design variables will be determined by the positions of key points.
2. Generate FE mesh: The two-step mesh generator described earlier is used in this study. The FE mesh has to be prepared in the parametric plane in either a single layer or double layer pattern. In this study, the in-house code is implemented to generate the parametric double layer grid pattern. The parametric grid pattern is then mapped onto the surface representations which is prepared in step 1.
3. Carry out FE analysis: A space truss FE analysis is carried out by using the standard truss FE. The objective and constraint functions are calculated in this step. The linear static FE analysis is carried out as summarized in Table 3. 4. Evaluate the design sensitivities: With the introduction of a small perturbation in the generating of the target surface or the distance between top and bottom surfaces of double layer grid represented by Coons patches, the design sensitivities are evaluated by finite difference (FD) method. The design sensitivities are calculated in the following manner: (a) Calculate the objective function and constraint functions associated with the initial set of design variable using the process described in step 3 (b) Evaluate the design sensitivities with respect to design variables
The Pseudo-code of the design sensitivity calculation is summarized in Table 4. 5. Carry out the optimization: Having evaluated the design sensitivities in step 4, the search direction can be determined and then using the SLP, MDFM, SQP algorithm, a new design can be calculated. If the new design satisfies the convergence criteria then stop. Otherwise, update the design and goto step 2. 
Design Parameterization
We now consider the parameterization of the three-dimensional spatial structure for the design optimization process. Recalls that we are focusing on shape optimization and therefore the CAGD described earlier is of prime significance. The surface definition described in the previous section can be utilized in various ways. In shape optimization for spatial structure, the surface definition can be used to:
• express the surface geometry as accurately as possible, • generate a discrete FE surface mesh with a two-step mesh generator, and • control the shape of spatial structure during the design optimization iteration However, the usage of surface definitions in shape optimization requires careful consideration to achieve desirable optimal shape. In the next sections, the selection of suitable design variables is discussed in conjunction with CAGD and the linking, move directions and perturbations of the design variables are discussed.
Selection of the design variables
The selection of the design variables is crucial in shape optimization since the optimal shapes are highly dependent on it. For the shape optimization, various quantities have been used as design variables such as nodal coordinates, control points of splines and key points of splines. In this study, the key point coordinates of the Coons patches serve as the design variables in design optimization. The mid-surface of free-form is represented by Coons patches and the key points pass through the free-form midsurface and continuity is maintained at all stages of the shape optimization.
Linking of the design variables
During the design optimization process, the linking of design variables is necessary for several reasons: (a) it can preserve initial types of structure such as dome and cylinder and (b) it guarantees a reduction in the number of design variables. Fig. 6(a) shows the cylindrical shape of roof. There are a total of 49 key points at the junctions of the splines in the u and v directions or corners of the Coons patch. In order to retain a prismatic shape during the design optimization process, linking rules are required. Only seven design variables to (the radial movements shown in Fig. 6(b) ) are adopted. Typically, design variable is the radial movement of all key points in the associated longitudinal straight line shown in Fig.  6(b) . This is achieved by variable linking. 
Move directions
The move directions of the design variables have to be prescribed for the optimization tasks. This is crucial data in shape optimization process since the prescribed movements of the design variables restrict the design space. Consider the cylinder shown in Fig. 6 . The design variables allow movements in the radial direction in Fig. 7 whereas the design variables allow movement in the z-direction in Fig. 7 . Optimal shapes resulting from such restriction will vary. Note that the design variables are linked in the longitudinal direction in Fig. 6 . 
Perturbation
It is necessary to perturb the design variables by tiny amounts to calculate design sensitivities. Note that the key point coordinates of the Coons patches serve as design variables and these values will be perturbed in turn during the design sensitivity calculation. After the perturbation of the coordinates, the Coons patches must be redefined. Re-meshing follows to update the FE mesh for spatial structure. Note that the parametric mesh will not be changed during the perturbation process so that the mapping of the initial parametric grid FE mesh data onto the redefined surface will take place during every perturbation. The effect of perturbation of a design variable is illustrated in Table 5 . Table 5 . Effect of perturbation of a design variable on the cylindrical shell roof with constant thickness.
NUMERICAL EXAMPLES
In this study, numerical examples are carried out for the verification of the form-finding technique described in previous sections.
Cantilever space truss
A double-layer cantilever space truss subjected to a line load is optimized. The geometry of the cantilever space truss is illustrated in Fig. 8 . The spans of the space truss are and its depth is . The following material properties are used: elastic modulus and cross section area . In this example, the effect of shape and thickness design variables is separately tested with different cases. In the first case, three shape design variables ( ) are tested and in the second case, four thickness design variables ( ) are tested without shape design variables. All design variables is allowed to move in the z-direction. The strain energy of the space truss serves as the objective functions with the initial volume constraint. Three different optimization techniques MFDM, SLP and SQP are used to search an optimum form of this structure.
The numerical results for the first case are presented in Table 6 and the optimum shape of space truss in x-z plan is illustrated in Fig. 10 . The numerical results for the first test are presented in Table 7 and the optimum thickness profile of space truss in x-z plan is illustrated in Fig. 11 . Table 7 . The result of thickness optimization for cantilever space truss 
Four corner support (FCS) space truss
The FCS space truss subjected to point loads is optimized. The geometry of FCS space truss is illustrated in Fig. 12 where the locations of point loads are marked on the top chord. The spans of FCS space truss are and its depth is . The following material properties are used: elastic modulus and cross section area . In the automatic FE mesh generation, the double-layer grid pattern having the size of and is used. A Coons patch is used to represent the mid-surface of entire space truss. Both shape and thickness design variables are simultaneously used in this form-finding process. The positions of the shape and thickness design variables are presented in Fig. 13 . Two shape design variables ( ) are assigned into the key points except the corners and three thickness design variables ( ) are assigned to all key points. All design variables is allowed to move in the z-direction. The SQP is used to search an optimum form of FCS space truss against the point loads. The initial geometry of the space truss, the side constraints and the optimum solution are described in Table 8 . The optimum shape of FCS space truss is illustrated in Fig. 14. 
CONCULSIONS
A form-finding technique based on design optimization process with CAGD is proposed for three dimensional discrete spatial structures. A new two-step mesh generator is successfully integrated in the present form-finding process. The performance of the present technique is tested by using numerical tests. From numerical results, the present technique is successful to find new forms of spatial structures with double-layer grid pattern and it can be possibly applicable to the spatial structures with appropriate grid patterns in the parametric plane.
